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FINITE ELEMENTS, FINITE ROTATIONS AND
SMALL STRAINS OF FLEXIBLE SHELLS

GERALD WEMPNER

University of Alabama Research Institute, Huntsville, Alabama

Abstract~The concept of finite elements for the analysis of shells is developed here with several important
advances.

Firstly, the Kirchhoff theory of shells is refined to include a transverse shear deformation. The refined theory
admits simpler approximating functions while preserving continuity at the inter-sections of elements.

Secondly, the motion of the element is decomposed into a rigid body motion followed by a deformation.
The decomposition serves to extend existing formulations for linearly elastic elements to problems involving
finite rotations and buckling.

Thirdly, the Lagrange equations are introduced to derive the equations of the discrete system. The method
yields the consistent inertial terms for any manner of motion, oscillatory or transient.

Finally, the simplest approximating polynomials are introduced in the context of the shear-deformation
theory. Further simplification is achieved by the introduction ofconstraints analogous to the Kirchhoffhypothesis
of the continuum theory. The constraints provide a rational basis for neglecting the contribution of transverse
shear in the strain energy. The resulting approximation converges rapidly to the Kirchhoff theory for examples
cited.

NOTATION

The usual suffix notations are used to indicate the components of tensors. Latin minuscules represent the
numbers I, 2, and 3 while Greek minuscules represent 1 and 2 except in the Appendix where the special meaning
is stated. The summation convention applies to minuscules. Latin majuscules signify a particular particle of the
medium.

The arrow (---» over a symbol denotes a vector and a caret n denotes a unit vector. The vertical line (I)
signifies covariant differentiation with respect to the undeformed-surface coordinates. A comma (,) denotes
partial differentiation.

The initial and convected coordinate lines and tangent base vectors are shown in Fig. 3.
The symbol == is used to indicate an approximation of a previous equation.
Some basic notations follow:

surface coordinate
length along the normal to the undeformed reference surface
base vectors tangent to undeformed (deformed) surface-coordinate line 8", d. equations
(ta), (l b)
unit normal to the undeformed (deformed) reference surface (J3 = 0
component of metric tensor of undeformed (deformed) reference surface; c.f. equations
(3), (7)
determinant laopl(IAopl)
Christoffel symbols of the undeformed (deformed) surface coordinates; d. equations
(4), (9)
eop,)a(eop,)A) where eop denotes the permutation symbol
coefficients in the second fundamental form of the reference surface; d. equations (5),
(6), (8)
component of triad similar to d. but rotated; d. Fig. 3
component of strain at the reference surface; c.f. equation (14)
change-of-curvature of the reference surface; d, equation (15)
transverse shear strain; c.f. equation (18)
flexural strain-measure; c.f. equation (20)
relative displacement of reference surface; d. equation (22)
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r!,{PQl

Wia.
Eijk'
C·P,.
r;iQr~)

(i;~j

Qr~3

~
P
ji(QP)
n
T
U
V
bi/J
bex
qN
PN
IN
IN
I:,
m~N

relative rotation of reference surface; d. equation (29), (33)
components of relative rotation; d. equations (24), (26), (29)
stiffness tensor: ref. [11]
surface-stiffness tensor: c.f. equations (37l. (38)
tensor defining rotation of principal lines of strain (at reference surface); d. equations
(44), (46)
small rotation of normal produced by transverse shear; c.f. equations (52), (53), (54), (57)
tensor defining finite rotation of the reference surface; c.f. equation (55)
component of tensor defining rotation of normal, c.f. equation (58)
small relative rotation of normal; d. equation (59), (60)
position vector of base point
position of generic point (on reference surface) relative to base point
angular velocity of convecting triad c; : c.f. equation (70)
kinetic energy of finite element
strain energy of finite element
displacement vector
incremental rotation of normal; d. equation (114c)
incremental rotation of reference surface; c.f. equations (l14b, c)
generalized coordinate
total generalized force upon element; PN = IN +IN
generalized edge force at location N
generalized external force at location N
component of actual force at location N
component of actual couple at location N
component r!; of tensor evaluated at point P but shifted to the base of point Q; see
Appendix

C:iiOQ) shifter: c.f. equation (126)
INA force at edge point N of element A
Notations not listed are defined in the text.

PART I: THEORY

Introduction

THE deformation of a continuous medium in the neighborhood of a particle is described
by a linear displacement field [1]. The description is accurate in a neighborhood of the
particle and approximate in a small finite region containing the particle. If a body is sub­
divided into small finite regions, then a continuous displacement field can be approximated
by a field which is piecewise linear in each coordinate, linear in each subregion. This notion
has been employed to approximate a continuous body by a discrete system. Numerous
references are given by Argyris [2]. The approximation within a finite region can be
accomplished by the energy method of Ritz. If the entire displacement field is continuous
across the interfaces of subregions, then it can approach an arbitrary continuous field
in the limit as the size of the subregions diminishes.

The motion of a continuous medium in the neighborhood of a particle can be decom­
posed into a rigid body motion followed by a deformation (or vice-versa) [3]. If finite­
elements are small enough to provide a valid approximation of the continuous body, then
the motion of each finite-element can be similarly decomposed. In particular, the motion
of a finite-element of a flexible shell can be conceived as afinite rigid motion followed by a
small relative motion. The latter motion is not involved with geometrical nonlinearities
and the former is not involved in the constitutive equations for the element. If the material
is Hookean, the constitutive equations are linear yet apply to circumstances with finite
rotations. Here, the decomposition is applied to shells and, more specifically, to finite­
elements with an important consequence: Any existing linear approximation for finite-
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elements can be employed to treat situations involving finite rotations. An example
demonstrates the applicability of the decomposition.

Finite-element J;epresentations [4, 5, 6] ofplates and shells have adhered to the Kirchhoff
hypothesis, assuming that a material line, initially normal to a reference surface, remains
normal during deformation. Continuity can be achieved at the interfaces of quadrilateral
elements if the displacement-field is approximated by a sixth-degree polynomial [6].
However, the simplicity of the piecewise linear representation is lost, the individual
element has 24 degrees-of-freedom and the derivation of the stiffness matrix is a formidable
task in itself. Alternative approaches are given by Clough and Tocher [4] and Fraeijs de
Veubke [5]. Both achieve continuity at interelement boundaries by procedures in which
the elements are subdivided and subsequently reassembled. The former [4] describes a
triangular (HCT) plate-element with 9 degrees-of-freedom for bending ·(additional
coordinates are needed for stretching) and the latter [5J presents a quadrilateral plate­
element with 16 degrees-of-freedom for bending.

Much of the difficulty in the application of finite-element formulations can be attributed
to insistence upon the Kirchhoff hypothesis. Accordingly, we present here a theory which
relaxes the Kirchhoff hypothesis and admits transverse shear strain. The theory permits
far simpler approximations of the displacement field including the piecewise linear
approximation.

The shear-deformation theory serves primarily to achieve continuity at inter-element
edges. Further simplifications result from constraints analogous to the Kirchhoff hypo­
thesis.

The simplest approximating polynomials enforce severe transverse shear strains which,
in turn, produce excessively stiff elements. This difficulty can be elimina~ed, after intro­
ducing Kirchhoff-type constraints, by suppressing the strain energy caused by transverse
shear. A numerical example demonstrates the merit of the resulting theory.

The presentation is divided in two parts: Part I contains the kinematical foundations,
specifically, the decomposition of rotation and strain, and the generalization of the
Kirchhoff theory. It is essentially a theory of shells, but a theory which is basic to our
treatment of finite rotations and our utilization of simple finite-element approximations.

e3

c

FIG. I



120 GERALD WEMPNER

Part II describes the application of the theory to an arbitrary shell and presents a few
illustrative examples.

The finite element

Let (}Cl. denote arbitrary coordinates of a reference surface // in Fig. 1 and e3 the distance
along the normal to g: The undeformed shell is the region bounded by the surfaces
e3 = ±h/2 and an edge defined by a curve C on Yand the normals to the surface along C.

A finite element of the undeformed shell is the region V bounded by the surfaces
03 = ±h/2 and edges formed along the nearby coordinate lines eCl. = aCl., bCl. which enclose
the finite-element surface S.

Motion ofan element

The motion of an element can be conceived as a rigid-body motion followed by a
deformation. The hexahedral element V of Fig. 2 is rigidly transported to V" and then

FIG. 2

deformed to V*. A quadrilateral element S of the reference surface is rigidly transported
to S" and then deformed to S* as depicted in Fig. 3.

1,

el

FIG. 3
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Kinematics of the surface element

Let ri and oR denote the position vector of a particle before and after deformation,
A tangent vector to the ea coordinate line before deformation is

- _ of!
aa =aea

and the tangent vector to the deformed line is

~ - o~
Aa = ooa'

(ta)

(lb)

(2a,b)

(2c)

The base vectors ii, of Fig. 3 are tangent to the undeformed coordinate lines and the
vectors Ai are tangent to the deformed coordinate lines. A rigid motion carries the particle
P to P*, the surface S to S" and the triad ii,{P) to the similar triad ci(P*). A subsequent
deformation carries Sf! to S* and deforms the triad c;(P*) to A;(P*).

A fundamental theorem [7] asserts that the motion at a particle can be decomposed
into a translation, a rigid rotation of the principal lines (of strain) and a subsequent stretch­
ing of the principal lines. The rotation in question is then the rotation of principal lines. In
the analysis of a finite element of a shell it is more meaningful to employ a rotation which
rigidly transports the reference surface S to a position Sf! tangent to the deformed surface
S* at a reference particle P*. The rigid-body motion is completely defined and the orienta­
tion of the triad ci(P*) is fixed if we require that

Aa • cfJ = cfJ .Aa == 4>afJ

Aa • c3 = 0

at point P*. In the sense of small strains, the motion which carries Sf! to S* involves no
gross rotation. However, if the shell suffers transverse shear strain, then the motion involves
a rotation of principal lines. The computation of this rotation is described later.

The surface Sf! and vectors cj differ from Sand ii j by a rigid-body motion. The dif­
ferential geometry of S" and S is identical. It follows that a covariant component of the
metric tensor [8] is

(3a, b)

The reciprocal vectors iii and ci form similar triads but also differ by a rigid-body rota­
tion. It follows too that the Christoffel symbols of surface S and Sf! are identical:

(4a, b)

etc. A covariant component of the second fundamental tensor [8] is

(Sa, b)

(6a, b)

The first and second fundamental tensors of the deformed surface S* are similarly defined,
i.e.

(7), (8a, b)
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etc. where ,.13 1= A3, but denotes the unit normal to S*. We denote the Christoffel symbols
of the deformed surface by

etc.

Kinematics of the element

The position vector of an arbitrary particle of the undeformed element is

f(0',02,03) = rit(0',02)+()3{j3'

(9)

(10)

We now assume that the position of a particle of the deformed body is a linear function
of 03

:

(11)

(12)

(l3a)

(13b)

In words, the approximation (11) asserts that a material-line, initially normal to S, remains
straight. We next label the components of i;3 as follows:

QG3 == (1 +e),.1 3 +2''lA,.
From (11) and (12), it follows that

ii" = [b~+03(2i{-B~-(;B~)]A:+03(2yI'Bl'a+£,a),.13

*where (I) signifies covariant differentiation with respect to the deformed surface.
We define two tensors which characterize the deformation of the surface at a point:

(14)

(15)

Throughout the subsequent development the variables "la' Q"lap and 'Kap are supposedly
small, i.e. the corresponding physical components are small compared to unity.

For brevity, let

(16a, b)

The components of Green's [9] strain tensor are determined from (13) with the nota­
tions of (7), (8), (14), (15) and (16). Neglecting products of small quantities "la' QYap, 'Kap,
we obtain

(17a, b)

(l8a, b)

(19a, b)

wherein

(20)
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Here we have replaced the covariant differentiation (1*) with respect to the deformed
surface by differentiation with respect to the undeformed surface (I), assuming that deriva­
tives of the strain components are also small. In addition, if the transverse strain E varies
gradually we can neglect the underlined term of (l8b). This term is neglected in the sequel.

The deformation at a particle of the shell is characterized by nine variables: E, Y7'

QYap, and x ap ' Our theory gives the strain distribution:

Y33 = E,

" - }' +()3»lap - Q ap 'lap'

(2Ia, b)

(21c)

Strain and relative displacement ofan element

Let W«()t, ()2) denote the small relative displacement which carries S" of Fig. 3 to S*.

(22)

(23a)

(23b)

The normal component is:

(24a,b)

(25a)

(25b)

(26a)

(26b)

The symmetric and skew-symmetric parts of the tangential components are:

<Pap == !(Ca' W'P +Cp . W,a)

= !(wal p+ wpla-2w3bap)

Wap == !<Ca' W'P Cp ' W,a)

= t(walp-wpla)'

From (23), (24), (25), and (26) it follows that

A-7 = (a+(<Pp,,+wpa)fIJ+W37C3' (27)

Since the motion from S" to S* is characterized by small strain and small relative rota­
tions, the surface tensors <P7{J' w ap and W37 can be identified with the surface strain and
rotation as follows:

(28)

(29a)

(29b)

wherein E7{J is a surface tensor related to the permutation symbol e"P via

(30)

(31 )

If the reference triad (i is chosen in accordance with (2), then according to (23), (24), (26),
and (29) Wi 0, Wia = 0 at the reference point P*.
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With the definition (29), equation (27) has the alternative form:

A" = c,,+<ppi:P+w xc". (32)

We note that (32) is exact, but that the tensor <p"p and vector Wi can be identified with the
surface strain and rotation only if the latter are small throughout the region in question.

In the notation of (24), (26), and (29) the normal to the deformed surface is given by

,13 = C3 +w X (\ (33a)

= C3 -(C3' w,p)cii. (33b)

From (12), (28), (32), (33) and the approximations of small strain and small relative rota­
tion, it follows that

1" == QG" = c"+Qy~Ep+wxE"

G3 = QG3 = 2y"c,,+(l +S)C3 +w X C3'

In accordance with (5), (8), (15), (23), (33), (24), (25), and (26),

J<"p = w3"l p+(<p!,,,+w!,,,)b/i.

(34a)

(34b)

(35a)

Finally, we note that the term <p!,,,b/i can be neglected [10J and that the change-of-curva­
ture tensor must be symmetric. Consequently, equation (35a) can be replaced by

(35b)

Strain energy ofan element

Assuming that the transverse normal stress is negligible and that the material is linearly
elastic and elastically symmetric with respect to the middle surface, we take the strain
energy in the form [11 J:

where

<I> = lC"PY~}, Y +2E,,3P3y }'
2 "p y~ ,,3 P3 (36)

(37)

and Eijkl are the elastic coefficients of the three-dimensional isotropic or aelotropic body.
For the thin shell, it is consistent to evaluate the components Eijkl at the middle sur­

face, i.e.

Eiik1 == Eiik1(0t, 0 2 , 0) == Eijkl

c"py~ == C"PY~(Ol, 02 , 0) == c"py~.

(38a, b)

(38c, d)

Substituting (21b, c) and (38) into (36) and integrating through the thickness, we obtain

(39a)

(39b)
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(40)

The strain energy of a finite element is obtained by integrating (39) over the finite
surface S which defines the element:

V == fbl fb
2

<J>JadOld02 •

a 1 0 2

Finite rotation and small relative rotations
The Appendix contains an analysis which decomposes the motion of a neighborhood

into a finite rotation followed by a deformation. The rotation of the principal lines of
strain is represented by the tensor r~j of (82) and the deformation by the tensor (tGl) of
(83). In the case of small strain, the rotation tensor is expressed by the approximation (85),
the deformation by the approximation of (84) and the motion which successively rotates
and deforms the base triad g; to g; to Gi is given by (82) and (86).

Let us examine the motion at the reference surface S, where we set

g~O\ 02
, 0) = ai' g;(Ol, 02,0) = a;

Gi((} 1, (p, 0) QGi

. 1 2 0) .
r~)<O ,0 , Qr~j

yp{l} 1, 02,0) QYP' y~(Ol,02,0) = S,

(41),(42)

(43)

(44)

(45a, b, c)

In these notations, equation (82) defines a rigid rotation at the reference surface S; specifi­
cally,

(46)

With small strain, the tensor Qr~ is given by (85); in particular,

; _:oli. P_ P - _ -
Qr·a - a [(3a QYa)QGfJ Ya QG3]·

According to (86) a tangent to the deformed surface S* is

G- ( ~P p\;; , A'
Q a = Va + QYaJ"p + Yaa3

and the tangent to the deformed 03 line is

QG3 = (l +s)a~+yaa;.

(47)

(48)

(49)

Upon examining (47), we note that the rotation tensor depends on the transverse shear
strain Ya and, upon examining (48), we observe that the rotated vector a; is not tangent to
the deformed surface S*.

In the analysis of shells, it is appropriate to deal with the motion of a reference surface,
The rotation of the reference surface does not involve the transverse shear strain. Accord­
ingly, we conceive a decomposition in which the base triad a; at point P is, first, rigidly
transported and rotated to a similar triad c; at point p* such that the vector c; is tangent
to the deformed surface S*. Then the triad c; complies with Equations (2a) and (2c) which
imply that the relative rotation ill of (34) vanishes, Consequently, the latter equations
reduce to

Aa = lJa (<5~ + QY~)cp

G3 = QG3 = 2yac;+(1 +s)c3.
(50)

(51 )
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By comparing (48) and (49) with (50) and (51), we conclude that the triads ii( and c( differ
by a small rotation; specifically,

c( = ii( +/3 x ii(

wherein

The inverse of (52) is

The relative orientation of ii( and c( is shown at the point p* of Fig. 4.

,,,,,,
,

,,,
,,

s'

FIG. 4

(52)

(53a, b)

(54)

The rigid motion which carried iii to c( is expressed by an orthogonal transformation:

(55)

By inserting (46) in the right side of (52) and equating (52) with (55) we obtain

(56a)

Conversely,

(56b)

We observe that the motion which carries Q3 to C3 differs with that which carries Q3

to G3 . The deformed normal G3 results from an additional rotation (- 2/1) caused by
transverse shear and an extensional strain (E). In accordance with (51) the unit vector G3

tangent to the deformed ()3 line is

(57)
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The transformation which carries the initial vector a3 to the vector G3 is obtained via
(57) and (55) as follows:

G3 = (Qr!3 + 2yq Qr!q)iij

== Qr!3iij.

(58a)

(58b)

For our purposes, we may conceive the motion of a neighborhood V of P decomposed
into a rigid-body motion which carries V to V" and a deformation which deforms V" to
V*. The rigid motion transports the particle at P to its terminal position P* and the
reference surface S to S" tangent to the deformed surface S*. The differential geometry at
a generic point Q" of S" and V" is identical to that at the same particle at Q of Sand V. The
base vector C;, tangent to the displaced (}i coordinate-line, is similar to iii but rotated so
that

The surfaces S, S", and S* and vectors iii' ci, c; are depicted in Fig. 4.
From the latter viewpoint, the deformation which deforms V" to V* and S" to S* is

characterized by small relative rotations. Consequently, the deformation rotates and
deforms the triad ci to QGi in accordance with (34a) and (34b); the latter can be rewritten
in the form:

G3 = QG3 = (1 +e)c3 +¢ x c3

where ¢ is the rotation which carries C3 to G3 :

(59)

(60a, b)

Equating the right side of (50) with (34a) and (51) with (59), and invoking the small­
strain approximation, we obtain

By equating (55) and (61) we obtain

QP.j = iij • cp(bf +w~).

(61a)

(61 b)

(62)

Now the vector cp is a base vector at a generic point Q" of S", obtained by a rotation of iip
at the corresponding point Qof S. However, the rotation is that of the reference point P.
To effect the rotation, the tensor Qr!; (P) must be shifted to the base of Q as described in
the Appendix. The shifted component is [see (108)J

Qr!;(PQ) = [iiP(P)· iij(Q)J [iim(P)· iij(Q)JQr;.

With this notation, (62) takes the form

(63)

(64)

Equations (62) and (64) are particularly significant in analyses of finite rotations by the
method of finite elements, for they express the rotation at a point Q near P in terms of the
rotation at P and the small relative rotation w.



128 GERALD WEMPNER

The rotation of the hormal is given by the tensor Or~3 of (58). The rotation ofC3relative
to the local base ci of the reference surface S" is w~ 21J Accordingly, the counterpart of
(64) is

(65)

The tensor Qr~3 must be continuous; in particular, it must be continuous along interelement
boundaries.

If the transverse shear strains vanish, i.e. y~ == 0, then

(66)

and

(67)

Velocity and kinetic energy

In our analysis of the motion of a finite element we require an expression for the
velocity of an arbitrary particle at Q*. To this end, let P denote the position vector of the
particle at P* and jJ the position vector of Q* relative to P*. The velocity of the particle at
Q* is

(68)

The vector Pis the velocity of the particle at P*. The velocity fJ can be decomposed into
the contribution from the rigid-body motion and the deformation.

If 0: denotes the angular velocity of triad ci , then

p= nXjJ+it+e3(~xc3+ec3) (69)

wherein it, ¢ and c are the relative displacement of (22), the relative rotation of (59) and
the extensional strain of (21a).

The angular velocity 0: is expressed in terms of the rotation tensor Qr!i of (63) as follows:

Therefore,

l{i = iij • (0: x c\)

= Qr~lij. (0: x lip)

= Qr~Qlajm QCpml'

Conversely,

2Qp = J!~ Qr
ki

QCkjp'

All components are referred to the initial base-system iii'
If the rotations are moderate, then in the manner of (88):

- nkrl'ji = aji+ 17 QGkij

(70a)

(70b)

(71a)

(71 b)

(71 c)

(71d)

(72a)

(72b)

(72c)
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The kinetic energy of the finite element is the integral

129

(73)

(75)

T = ~ f f Iv pV. Vdv

where p denotes the mass density of the undeformed medium.
If the shell is thin, the volume element is approximately

dv == -Ja d()l d02 d03
• (74)

To further simplify (73), we neglect the extension rate e in (69), assume that p = p(OI, ( 2
)

and set

P= Qp(Ot, ( 2 )+ 03C3 .

With the approximations (74) and (75), (73) assumes the form

T= [~p,p+h(Pxn)'fIs QPpdS

+~ f f ~U x Qp) . (U x gp)p dSJ
+ [hP. f Is WPdS+hn.J f gPX iiip ds+~f Is iii· wp dSJ (76)

h
3 [f r ~ -+ 24 Js~Q x (3)·!Q x C3)P dS

+ 2f Is (Uxc3),(¢xc3)pdS+ ff(¢XC3)'(¢ XC3)PdS}

The terms of (76) are grouped into three bracketed groups. The first group is indispensable;
its terms depend only on the rigid-body motion of the element. The last group represents
so-called rotary inertia; these terms are usually negligible in thin shells. The middle group
depends on the small relative displacement tV which is determined by a priori approxima­
tion of deformation within the element. Notice, too, that the first group of (76) must pre­
dominate as the size of the element diminishes. We conjecture that the first bracketed term
of (76) is enough for the analyses of most thin shells.

APPENDIX TO PART I

The decomposition ofmotion into finite rotation and strain

A particle P has initial and terminal positions defined by the vectors rand R. Particles
of the medium in a neighborhood of P are located by curvilinear coordinates Oi. The same,
but convected, coordinates are employed for the displaced particles. The tangent base
vectors for initial and terminal lines are denoted by gi and Gi , respectively; the reciprocal
base vectors are denoted by t and eJi, respectively.

We require a transformation of gi into Gi via the successive steps:
(1) a rigid motion which transports gj to a similar triad gi followed by
(2) a deformation which carries g; to the terminal triad C;.
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The required decomposition was described by Toupint. The treatise by Truesdell and
Toupin [12] gives a full account of the "fundamental theorem" and its origins. The presenta­
tion in these works is completely general, employing both Eulerian and Lagrangian view­
points and using "two independently selected general curvilinear co-ordinate systems"
[12]. Here we are concerned with the motion of a solid and, specifically, an elastic solid.
Consequently, we are compelled to use initial coordinates and adopt the Lagrangian view­
point. Since the Eulerian viewpoint is inappropriate, we can dispense with the dual system
of coordinates and use the appropriate simplification which we present below.

Strain tensor

Let ds and dS denote the differential lengths of a material line before and after deforma­
tion, let gij and Gij denote covariant components of the metric tensors of the undeformed
and deformed systems, and let Yij denote the strain tensor. The lengths, metric tensors and
strain tensor are related as follows:

(77a, b)

Let the triads na = ngi and N, = Niii «(:J. = 1,2,3) define the principal directions of
strain in the undeformed and deformed body, respectively, and let ea and Ea denote the
principal values with respect to the initial and terminal systems, respeCtively. The compo­
nents of the unit vectors are related as follows:

A strain component is expressed in terms of the principal values by the following:

}'ij = L eo:n.7 in;xj
a

= L E,N,;Naj ·
a

Rotation tensor
The motion which carries the orthonormal triad na to the orthonormal triad Na is a

rigid motion characterized by an orthogonal transformation which expresses the compo­
nents of N, in terms of the components of n,.

Let R~j be a two-system tensor which defines the rigid rotation as follows:

(78a)

It is a two-system tensor because the first suffix signifies its tensor character in the deformed
system (Gij) while the second signifies its tensor character in the initial system (gij)' The
inverse of (78a) is

(78b)

In this instance, it is more meaningful to stay in the initial reference system. Accord­
ingly, the components of Na are expressed in terms of the initial base vectors gi:

(79)

t R. A. Toupin, op. cit.
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where r~j is a tensor with respect to the initial system and related to R~j as follows:

r!j = (gj . Gp)RJ?j

R!j = (Gj. gp)r~.

Motion of the base triad
The base triad Gj of the deformed coordinates is given by

Gj = (L (1 + 2e~)!n~jn~)(r~gp).
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(80a)

(80b)

(81 )

Clearly, the second parenthetical factor represents a rigid rotation of the base triad gp to

(82)

while the first parenthetical expression represents a deformation which carries the triad
gj to Gj • Let us define

!G{ == L (l + 2e~)!n~in~.
~

(83)

Note that this tensor has the principal directions of Yij, but different principal values.

Approximation of small strain
If the principal extensions are small compared to unity, i.e. e~ ~ 1, then

!Gij == L (1 +e~)n~jn~j = gjj+Yij'
~

A corresponding approximation of (83) leads to the following approximations

rP. ...:... g-P. G.(6 i _gik" .)
'J - I J I kJ

Gi == (6{ +y{)g/

(84)

(85)

(86)

Approximation of small strain and moderate rotation
The approximation (86) is limited to small strains, but applies to unrestricted rotations.

In most structural problems, the rotations are not unrestricted but small or, at most,
moderately large. We regard a rotation as "moderate" if it is small enough to be treated
as a vector with adequate accuracy; a rotation with the order-of-magnitude -to is moderate.

By the foregoing definition of "moderate," the rotated base vector g; is given by

g; = gj+8xgj.

It follows from (82) and (87) that the rotation tensor has the form:

(87)

(88a, b)

The strain components are now small; the order-of-magnitude of a physical component
is 160 or less. The rotation components are moderate; the order-of-magnitude of a
physical component of the rotation vector is /0 or less.

In accordance with (88), equation (86) assumes the form

(89)
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(90)

(91 )

In view of the symmetry of gij and Yij, and the skewsymmetry of 0ij:

eij == ~{gi . Gj +gj. GJ - gij = Yij +Ki''J'{}im +Y7'0jm)

nij == ~(gi . Gj - gj . G;l = {}ij + ~(Y'J'{}im - Y7'0jm)·

From (90) and (91) we conclude that first approximations are

I'ij == eij == ~(gi . Gj +gj. Gi)- gij (92)

1 - -(Jij==nij==2(gi·Gj-gj·Gi). (93)

The approximation (92) neglects terms of order°compared with unity, while (93) neglects
terms of order Y compared with unity. The latter is adequate, while the former is a poor
approximation for moderate rotations. To obtain a better approximation, we return to
the definition (77b), and obtain

(94)

We recall that nij of (93) provides a good approximation for moderate rotations while
eij has the order-of-magnitude of a strain component. Accordingly, we neglect the products
in (94) containing eij. The resulting approximation for moderate rotations is

(95)

Approximation of small strain and small rotation

If the strains and rotations are small, say 160 or less, then the first approximations (92)
and (93) hold. It follows that

Gi = gi + (Yij + {}ji)gj

In accordance with (87) and (96),

Gi = gi+iJxgi+y{gj.

(96)

(97)

Here, the vector Gi is the sum of three terms: the original tangent vector (gi), the contribu­
tion from rigid rotation (e x gil and the contribution from deformation (y{g).

Relation between finite rotation and small relative rotation

At each point of the deformed medium we conceive a triad g; obtained by rigidly
transporting the triad gi according to (82). In the event of small strain, the tangent vector
of a deformed coordinate line is given by (86).

We may take an alternative viewpoint and conceive a neighborhood V of a point P
rigidly transported to V" with the particle at P moving to its terminal position at p* and
the triad gi at P rigidly transported to g; at P*. Moreover, the differential geometry of the
neighborhood is unchanged by the rigid motion; at each point of V" we conceive a triad
of tangent vectors g~ at each particle of the displaced neighborhood, similar to the initial
triad gi at the same particle, but rotated such that

g~(P*) = gi(P*). (98)

The motion which deforms the neighborhood V" is characterized by small relative
rotations. The tangent vector Gi is expressed in terms of the rotated vectors g;' in the man­
ner of (97), but enow denotes only the additional rotation of g~ which is caused by the
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Gi = (c5{+ y{)gj +ex g~ (99a)

== (c5{ + y{+ e!Jgj. (99b)

Note that the latter viewpoint incorporates the approximations of small strain and small
relative rotations. This means that the accuracy diminishes as the neighborhood increases.

Inverting (86), we obtain the approximation:

g; = (c5)-},))Gi . (100)

Substituting (99) into (100) and, again, neglecting products of the strain and relative
rotation components, we have

(101 )

In accordance with (82) and (101)

(102)

Equation (102) has special significance in the analyses of large deflections by means of
small finite elements. Suppose, for example, that the rigid rotation is known at a point P
and the small relative displacements are known in a small region about P. Then, gj is
determined by the former, eby the latter and the rotation tensor rI:j is computed for a neigh­
boring point by (102).

Shifting

Equations (101) and (102) apply at any point Q in a small enough neighborhood of P.
Moreover, the base vector g~ is evaluated at the point Q, but it is obtained by rotating the
base triad gi of Q by the amount of the rotation at P. However, the rotation tensor r~j of P
is referred to the triad at P. That is,

gi'(P) = r!i(P)UP),

The base vector g~(Q) at Q is expressed in terms of g~(P) as follows:

g~(Q) = [g"n(p). g~(Q)]g~(P).

Substituting (103) into (104), we have

g~(Q) = [g"n(p). g~(Q)]r!n(P)giP).

In the manner of (104),

gi(P) = [gS(Q). g;(P)]gs(Q).

Substituting (106) into (105), we obtain

g~(Q) = [g"n(p). g~(Q)] [gS(Q). UP)]r!n(P)gs(Q).

(103)

(104)

(105)

(106)

(107)

Recall, however, thatthe vector g~ is merely a rotated version ofgi' Consequently, the primes
in the first bracket of (107) can be suppressed; then

g~(Q) = [gn(p). gi(Q)] [gS(Q). giP)]r!n(P)g.(Q)

== r.;(PQ)gs(Q)·

(108a)

(108b)
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The bracketed quantities of (l08a) are termed "shifters" and serve to shift the tensor of P
to the base system of Q. For brevity, we denote the shifted component by r.i(PQ) as defined
by (lOSb).

PART II: APPLICATION

Synopsis of Part I

The motion of a finite element of a shell is decomposed into a rigid-body displacement
followed by a small deformation; the deformation is characterized by small relative dis­
placements. Small relative rotations are related to differences of finite rotations.

A theory for small strain of a shell-element is based upon the hypothesis that a normal
remains straight, but not necessarily normal.

The decomposition serves to adapt linear finite-element approximations to nonlinear
problems of large rotation. The generalization of the Kirchhoff theory admits simpler
approximations of the displacement within an element.

Approximating the dt:;formation of the element
The displacement of the surface .cJ' is to be approximated piecewise by approximation

of each element. The pieces must provide a continuous displacement of //'. In addition,
the edges of adjacent elements must be contiguous.

The deformation of the element V is defined by the relative displacement of the reference
surface S and the relative rotation and extension of the normal. In keeping with the plane­
stress assumption of (36), (37), and (40), we impose no approximation of the transverse
extensional strain G. Then, the deformation is fully characterized hy the three components
of win (22) and the two tangential components of the rotation (fi = (w-2!J) in (60). The
former define the deformation of the reference surface S and the latter define warping of
the edges of V.

To be specific, let the base point P have coordinates oa = aa and, to simplify matters;
let

x~ = (Oa-aa)/U~) (l09)

where U is so chosen that the corners of S are at (x I ,x2
) = (0,0), (0, 1), (1, 1), (l, 0).

The simplest polynomial approximations which preserve continuity are based upon the
Lagrangian interpolation between inter-element boundaries:

- B (J C 1 2Wa - a{Jx + ~x X ,

W3 = C3X
1

X
2

(110a)

(I lOb)

(Ill a)

(111 b)

Here the forms of (110) are simplified because the relative displacement wand rotation w
vanish at the base point (xa = 0). The surface s* defined by (1 to) has six degrees-of-flexibility.
In addition, the rigid-body motion provides six more degrees-of-freedom. Together, the
twelve parameters are determined by the displacements of the four corners of the element.
Likewise, the eight parameters of(111) are determined by the rotations at the four corners.
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(112)

The linearity along the edges and coincidence at corners insures the continuity of the
surface y* and the contiguity of interelement edges. In principle, the approximations (110)
and (111) are comparable to Melosh's "flat triangular" approximation [13].

If the Kirchhoff hypothesis is invoked (Ya = 0 and <Pa = wa), then the foregoing ap­
proximation (110, 111) is unacceptable because adjacent edges are discontiguous. The
requisite contiguity is achieved only if the surface has a continuous normal. A Hermitian
interpolation [6] of the transverse displacement W3 is required in S. Then, the component W 3

is approximated by a sixth-degree polynomial and the quadrilateral element has at least
24 degrees-of-freedom.

The approximation (110) describes extensional deformations as well as most, and,
together with (111), admits transverse-shear deformations. In addition, the approximation
(1 lOb) is far simpler than the Hermitian interpolation. On the other hand, the approxima­
tion (110b) has an inherent disadvantage: It provides no curvature-change within the
finite element. This means that two elements are needed for the crudest approximation of
flexure. Consequently, more elements may be needed wherever flexure predominates as, for
example, in a plate, near the edge of a shell or near a region of concentrated loads. Accord­
ingly, we present an alternative which provides changes-of-curvature yet retains some of the
simplicity achieved by relaxing the Kirchhoff hypothesis:

As an alternative to (1 lOb) we may take

W 3 = C3XlX2+iD31(Xl)2+iD32(X2)2

+iE31 (X I)2 X2+iEdx2)2 XI

The function (112) is quadratic along an inter-element boundary. The quadratic is deter­
mined by the values at the end points and another value, say, the value at the mid-point.
The four additional parameters of (112) provide just the required flexibility to maintain
continuity at interelement boundaries. The approximation (112) for W 3 and (1lOa) for
W a , together with (111) provides 18 degrees of flexibility just as the approximation [6]
which provides a smooth surface Y*. However, the present approximation utilizes only
cubic terms and, therefore, provides the simpler basis for deriving stiffness matrices.
Moreover, our approximation admits transverse shear deformation which can be significant,
particularly, when the shell is nonhomogeneous as a sandwich.

It is interesting to note that a couple and force on each edge of the quadrilateral element
form a collection of 24 components on the four edges. This is the number of generalized
forces obtained from the approximation of (1Wa), (111), and (112) or the Hermitian ap­
proximation [6] with the Kirchhoff theory.

Kirchhoff-type constraints

According to (111) a material normal rotates independently of the motion of the
reference surface S. In particular, each corner of a finite element can rotate independently
of the other corners. This freedom is more than needed to insure the contiguity of the edges
of adjacent elements. It is the freedom of transverse shear and it can be eliminated by a
constraint analogous to the Kirchhoff hypothesis: For example, we may require that the
transverse shear Ya vanish at the mid-point of the eaedge. By imposing the condition at the
mid-point of each side, we reduce the degrees-of-flexibility by four. In the limit, as the
element becomes infinitesimal, our approximation must then approach the Kirchhoff
theory. The four constraints constitute the discrete counterpart of the Kirchhoff hypothesis.
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Generalized coordinates-local and global

The motion of the finite element is decomposed into a rigid-body motion and a relative
motion. The former is defined by the velocity Pof the base particle P and the angular velo­
city fi associated with point P. The rigid motion is determined by the three components of
Pand three variables (e.g. angles of rotation) which determine fi; these six time-dependent
quantities are here called the generalized global coordinates.

The relative motion of any particle of the element is defined by the relative velocity it!,
the relative angular velocity <t and the extensional rate E. The last. is to be ignored in favor
of the plane-stress assumption. The relative velocities it! and (jj are determined by the
approximation for Wand (jj which serve to express these functions in terms of discrete
time-dependent quantities. These quantities are here called the generalized deformation
coordinates and their time derivatives are called the generalized deformation rates. The
number of such deformation coordinates determines the degree-of-flexibility.

Let qN denote a generalized coordinate. If there are 'n' generalized deformation co­
ordinates, then N = 1, - -, n signifies a deformation coordinate. The coefficients in (110)
and (111) are examples of possible deformation coordinates. The global coordinates are
signified by N = n+ 1, - -, n+6.

Any infinitesimal movement of the system is defined by 'n +6' virtual 'displacements'
bqN' The work of external forces upon the system takes the form:

.+6

(5w = L PNbqN
N=l

(113)

The variable PN is the generalized force associated with the coordinate qN' The generalized
forces are comprised of forces tN exerted by external agencies and forces fN exerted by
adjacent elements via contiguous edges. Such generalized forces need not be physical forces
or couples.

To achieve continuity of the displacements and reactions along inter-element bounda­
ries, we express the incremental displacements bqN and forces fN in terms of identifiable
displacements and actions at the edges: Our choice of displacements depends upon the
approximations of Wi and cPa. Ifa polynomial approximation ofthe transverse displacement
W3 contains 'k' parameters, we require k+ 3 edge values; three additional values account for
the rigid-body motion. Likewise, if polynomial approximations of Wa contain 'l' parameters,
then we require 'I +3' edge values. Ifwe restrict our attention to the approximation (111) for
cPa, then the 8 components of the corner-rotations are suitable alternatives to the coefficients
in (111). Note that the total of generalized coordinates is

n+6 = (k+3)+(l+3)+8

and the number of deformation coordinates is

n = k+I+8

The equations which express the generalized coordinates in terms of identifiable edge
displacements are obtained as follows:

Let x' = pa locate a particle QQ* at the edge of S* and let QP be the vector p* QQ*. Then a
virtual displacement of the particle QQ* is

---+ ---+ --+ --+
bV(p 1,p2

) = bV(O,O)+bIXXQP+bw(p!,p 2
)
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--+
where brJ. is the rigid-body rotation of the element. At each of 'k + 3' points along the edge
of S*,

-+ ----+ ---+ -----.
bV3K == c3. bVK = C3' [bV(O,O)+brJ.XQP+bwKJ K = 1, ... ,k+3 (l14a)

wherein the subscript 'K' signifies a certain point of the edge. At each of '(I + 3)/2' points
along the edge of S*,

~ ----+ -----.. ~

bV~L == c~. bVL = c~. [bV(O, O)+brJ.XQP+bWLJ L = 1, ... ,(1+3)/2 (l14b)

In addition to (114a, b), there are 8 equations which assert that the rotation of a corner is---. ~

the sum of the rigid-body rotation brJ. and the relative rotation b¢:
----+ ------+ ----+ ~ ---+

bt/J~M == C~.bljJM = c~.[brJ.+b¢MJ M = 1,2,3,4 (l14c)

The total number of (114a, b, c) is 'n+6', the number of generalized coordinates. The left
sides of (114a, b) and (114c) are components of displacement at edge-points of s* and of
rotations at the corners of V*. The right sides are linear combinations of the generalized
displacements bqN, i.e.

n+6

bV3K = L AKNbqN
N=l
n+6

bV~L = L B~LN bqN
N=l
n+6

bljJ~M = L C~MN bqN
N=l

(114d)

(114e)

(1141)

Note: Not all generalized coordinates appear on the right sides of (114); those defining
relative edge rotations do not enter bV3K nor bV~L and those defining relative displacements
do not enter bljJ~M'

The inverse of (114) expresses the generalized displacements as linear combinations of
the edge displacements and rotations, viz.

k+3 (/+3)/2 4

bqN = LANK bV3K + L B~L bV~L+ L C~M bljJ~M'
K=l L=l M=l

N=I, ... ,n+6

(115)

If the rigid rotation of the element is moderate, then (114) and (115) serve as well to relate
coordinates as virtual displacements.

In the event of small rotations, edge displacements V3K ' V~L and rotations t/J~M may
prove to be the most convenient generalized coordinates. Then, we need only express the
approximations Wi' ¢~ in terms of the edge displacements and rotations and identify each
of the latter with a label qN(N = 1, - -, n+ 6).

Generalized edge reactions

Letli denote force components acting at the 'k +3' edge locations of virtual displace­
ment bV3K ' letiK denote the force components at the '(1+3)/2' locations of virtual displace­
ment b V~L and let mMdenote couple components at the corners of the element. The virtual
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work of these forces is

k+3 (1+3)/2 4

bw I Ii c5V3K+ I If bV"L+ I m~ bl/!"M
K=l L=l M=l

(l16a)

(I 16b)

Equations (114) may be used to express bV3K , bV"L and bl/!"M on the left side in terms of
c5qN' or (115) may be used to express the bqN on the right in terms of bV3K , OV"L and Ol/!"M'
In the first case, since the bqN are independent, equation (116) provides 'n +6' equations:

k+3 ({+3l/2 4

IN = I AKNIi.+ I B"LNn + I C,MNm'iJ
K=1 L=1 M=l

(117)

If (116b) is expressed in terms of bV3K , bV"L and bl/!"M by means of (115), then, since these
displacements are independent, equation (116) provides 'n +6' equations:

n+6

n = I B';,dN
N=1
n+6

m'iJ = I C';,MfN
N=1

Of course, (118) is the inverse of (117).

018a)

{I 18b)

(l18c)

Generalized external loads

Let point Q* mark a particle on the upper (or lower) surface of V*, let jJ denote the
vector P*Q*, let t denote the traction exerted on the surface and let 8v denote a virtual
displacement at Q*. Then the virtual work of the applied traction is

c5w t.W

For simplicity, we suppose that the traction is referred to the initial area S. Then the
virtual work of all traction's upon the surface is

bw = W(O, 0) . fLtdS + fist. c5w' dS

+bJ -f Is jJ X tdS+~C3 -f Is rx bCPdS

(l19a)

With the selection of global coordinates, the rigid-body displacements bV(O, 0) and bJ
can be expressed in terms of generalized displacements bqN(N = n+ 1, -, n+6). The
relative displacements ~ and r;p are expressed in terms of generalized displacements
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bqN(N = 1, - -, n) by the approximations. Then equation (119a) assumes the form

n+ 6

Jw = L tNbqN
N=l
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(119b)

wherein the coefficients tNare certain weighted integrals of ti
. We call the coefficients tN

the generalized external loads.
Again, certain edge displacements and rotations can serve as generalized coordinates,

particularly when rotations are small. Then the generalized external loads can be identified
with actions at prescribed points of the edge.

Approximate equations ofmotion for the finite element
With our choice of global coordinates to define rigid-body motion and with our ap­

proximation of the functions Wi and cPa the velocities F, n, itl and Jcan be expressed in
terms of the generalized velocities qN and coordinates qN' Then, by means of(76) the kinetic
energy can be expressed in terms of the generalized variables:

(120)

Only three coordinates qN, the global coordinates defining the rigid-body rotation, appear
in the kinetic energy in addition to the derivatives qN'

Equations (25) and (28) express the surface strain QYap in terms of the relative displace­
ment w. Equations (24) and (60) serve to express the transverse shear strain Ya in terms of the
relative displacement wand rotation (jj. Then, with the aid of (24), (26), (35b) and (20), the
variable 1Jap can be expressed in terms of the variable wand (jj. Summarizing these kine­
matical relations, we have

QYap = !(walp+wpla-2w3baP)

Ya = !(eapcPP+w3,a+wAbAa)

Y/ap = Yalp+Ypla-xap

x ap = i[w3Iap+W3Ipa+(wAbAa)lp+(wAbAp)la

+ i(wal lt - WItla)b~ - i(wpllt - WItlp)b~]

(121a)

(I21b)

(I21c)

(121d)

It follows that the strain-energy density (39) can be expressed in terms of the variables wand
(jj and, after the approximation of the functions wand (jj, the strain-energy integral (40) can
be expressed in terms of 'n' generalized deformation coordinates:

The generalized loads tN are obtained via (119).
Finally, the equations of motion for the finite-element are the Lagrange equations [14]:

(122)

N = 1, ... , n, ... , n +6
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Equations (122) relate the generalized coordinates qN and edge reactions IN' Since the
coordinates qn+ 1- - - qn+ 6 define the rigid-body motion, we anticipate that the corres­
ponding equations (N = n+l,--,n+6) govern the gross motion. Conversely, since the
coordinates q1- -qn define the deformation, we anticipate that the corresponding equations
(N = 1, - -, n) are constitutive relations.

In the intrinsic theory of shells the governing equations reveal no measure of any finite
rotation. This happy circumstance occurs because the equations are referred to the current
directions of the convecting lines. Analogous results are achieved in equations (122) if the
Lagrange equations are formulated with global coordinates (N = n+ 1, - -, n+6) and
velocities referred to the convected triad Cj. In particular, the global orientation can be
defined by rotations about the directions of the base vectors Cj.

For each element of the shell there are 'n+6' equations (122) which contain '2(n+6)'
variables qN(t) and IN(t). The additional equations are obtained by equating the displace­
ments and/or rotations of certain coincident particles or lines of continuous edges and by
requiring that the sum of all actions and reactions on such particles and/or lines vanish:

Geometrical continuity at inter-element boundaries

Let us formulate the condition for equality of displacement at a particle on an inter­
element line of the reference surface [/*. In Fig. 5, adjacent elements A and B contain the
surfaces SA and SB' We imagine that the surfaces are rigidly transported to S~ and S~ and
then deformed to the contiguous surfaces S~ and Sl We require that the displacement at
o on SA be equal to the displacement at 0 of SB'

FIG. 5

The rigid motion which carries SA to S~ and SB to S~ is not relevant, only the difference
in the two rigid motions. The difference is characterized by a small displacement and a
small rotation. If p* and Q* are the base points of S~ and S~, respectively, then the rigid
motion:. differ by the amount of the small displacement W(QA) and rotation W(QA)'

The condition for continuity at 0* is --W(OA)-W(OB)-W(QA)-W(QA) x Q~O~ = 0

Assuming small strains and sufficiently small elements, we set

(123)

-- .QO == Q'a'j(Q), (124a, b)
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(125a)

(l25b)

(126a, b)

To express the condition (123) in terms of the components, we must note that the base
vectors of SA and S'B differ by the amount of a small rigid-body rotation W(QA)' Thus, the
displacement at particle 0 of element B is

W(OB) == Wi(OB)(\(OB)

= Wi(OB) [(\(0A)+W(QA) x c;(OA)J

By means of (124b) and (125b), the terms of equation (123) can be referred to the base triads
Ci(QA) and (\(0 A) of element A. Then the various terms are evaluated at different points and
also referred to the base triads of different points. To treat the components we refer all
vectors to a common base system; this requires 'shifting' some components as described
in the Appendix of Part 1. If w(Q) is a vector evaluated at point Q, its components referred
to the base triad ei(O), or ei(O), are

wi(Q -> 0) = [eiQ). ei(O)]Wi(Q)

w;(Q -> 0) = [ei(Q). (;\(O)]wiQ)

The bracketed factors are the so-called 'shifters':

[c/Q). ci(O)J == C}(QO) = C!J{OQ)

In accordance with (29), we note that

(127a, b)

(128)

(129b)

With the notations of (124), (126) and (127) and with the aid of (125), the scalar product
of (123) and (\(0A) is

wk(QA) - wk(0 B) - Cik(QO)wi QA)

-t[C~q(OQ)Qq +Wi(OB)J [C~p(OQ)Wml(QA)eP/m(Q)I;jik(O)J = 0

It is important to note that the continuity requirement does not involve a measure of any
finite rotation, but it does contain the nonlinear terms underlined in (125b) and (128).
These terms are quadratic in the relative displacements.

The condition for contiguity of edges requires equality of the rotations of coincident
normals at certain points of the edge. Let point 0 of Fig. 5 be a location at which we require
coincidence of the normals to S~ and St. Again, only the relative rotations are relevant.
The rotation of the normal to S~ at 0* relative to that at p* is ($(0A). The rotation of the
normal to st at 0* relative to that at Q* is ($(OB)' But, the rotation of the normal at Q*
relative to p* is W{QA)' Coincidence of the normals to S~ and st at 0* requires that

($(OA)-W(QA)-($(OB) = 0 (129a)

or

¢a(OA)- ¢a(OB) -iCja(QO)wpiQA)siqp(Q)

-i¢i(OB)[C!p(OQ)Wm/(QA)eP/m(Q)ejia(O)] = 0

The conditions (128) and (129) must be enforced at prescribed points of the inter-element
boundaries. For example, at an interior element deformed according to (110) and (111),
equations (128) and (129) are imposed at each corner, thus providing 20 conditions, the
number of degrees-of-freedom.
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The conditions (128) and (129) are the compatibility equations of the discrete system.
They playa role analogous to the compatibility equations of continuous shells. Specifically,
(128) is analogous to the Gauss equation [8] of the deformed surface. Whereas the com­
patibility equation of the continuous shell [15] contains products of the changes-of-curva­
ture and strains, equation (128) contains products of relative rotations and relative dis­
placements. Neither involves a measure of finite rotation.

We note that matching the approximations for Wi along inter-element boundaries does
not insure precise continuity because the components of adjacent elements are referred to
different bases; the bases are slightly rotated e.g. (\(0 A) vs. Ci(OB). Although the surface is
connected at discrete points by (128), it may be discontinuous at intermediate points, but
only by the amount of higher-order terms like those underlined in (128). When the dimen­
sions of the element are diminished the error diminishes as the product of relative rotations
and displacements. In any event, matching components at the inter-element boundaries
achieves continuity in the context of the linear theory which merely requires small relative
rotations.

The compatibility conditions for point 0, (128) and (129), can be expressed in terms of
the '2n' generalized deformation coordinates qN of elements A and B by means of (24), (26)
and the approximations for cPa and Wi.

Reactive conditions at inter-element boundaries

The 'n+6' generalized forcesj,~ are expressed in terms of 'n+6' resultantsf~and mN
which act upon designated particles and normals at prescribed points of the elemental
edges. Particles and normals so-designated shall be called edge-points and edge normals.
They may be common to two, three or four contiguous elements. If they do not lie on an
edge of the shell, we shall call them inter-points and inter-normals. If they lie on the edge of
the shell, we shall call them boundary-points and boundary normals.

At an inter-point of the shell the sum of the forces exerted by all contiguous elements
must vanish and at an inter-normal the sum of the couples must vanish in accordance with
Newton's third law.

The componentsf:" of the reactive forces exerted upon the inter-point N are expressed
in terms of the generalized edge forces by (l18a, b). However, the reactive force upon each
element is referred to the base triad (.i of that element. Accordingly, the reactive forces upon
an inter-point must be referred to a common base. The choice of the reference basis is a
matter of convenience. For example, suppose that 0 of Fig. 5 is an inter-point. The force
upon the element A is referred to the triad ci(OA) in accordance with our small-rotation
view toward the behavior of element A. The forces upon element Bat 0 are referred to the
triad Ci(OB) which differs from cAOA) by the small relative rotation W(QA). Then the sum of
the reactive forces imposed by the two elements (A and B) is

f~AClO A)+ f~B[Ci(OA) +W(Q) x ci(OA)] (130a)

Again, the components of the vector W(QA) can be shifted to the base at 0 A. Then, the
components of (130a) are

(130b)

If point 0 is an inter-point and a corner, then it is likely to be common to 4 elements as
depicted in Fig. 6. Here points P, Q, Rand 0 are the base points of elements A, B, D and C,
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/
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FIG,6

respectively. The reactive condition at the inter-point '0' takes the form:

i 'l fl i'l flOA+ OB+ oc+ OD

+ t[fOBkCjiOQ)Wml(QA)epm,(Q)

+ focIP jpWm,(OA)epm,(O)

+fODCjp(OR)w(RA)epm'(R)]ejkl(O) = 0 (l31a)

If point '0' lies on an inter-normal, then we must impose a reactive condition on the
couples which act upon the contiguous corners. The condition is similar to (13la) butp is
replaced by rna:

(131b)

Again, we can observe the analogy between the algebraic equations of our discrete
system and the equations of the continuous system. Equations (131a) contain products of
the forces and relative rotations whereas the equations of motion for a shell contain products
of the forces and the changes-of-curvature (xapnaP, xpqP). The relative rotation plays the role
of the curvature-change. Likewise, the equations of motion for a continuous shell contain
products of couples and changes-of-curvature (x.pm·P) analogous to the product terms of
(131b).

The equations of motion (122), the compatibility conditions (128) and (129), and the
reactive conditions (131) describe the motion and connection of interior elements. Only
the conditions at boundary-points and boundary-normals are needed to complete the
system.

Boundary conditions and boundary elements

The reference surface ofa shell is depicted in Fig. 6. Segments 't/1 and 't/2 of the boundary
lie on coordinate lines; segment 't/ is an arbitrary smoath curve.

Corner '0' is a typical inter-point. If we employ the approximation (112), then the
intermediate points 'E' and 'F' are also inter-points at which we enforce the continuity of
transverse displacement.

Point 'R' is typical of the boundary-points which lie on a coordinate curve at the
corners of two elements. Continuity of displacement and continuity of rotation of the
normal must be enforced by means of(128) and (129), just as it is enforced at an inter-point.
In addition, the displacement and rotation may be prescribed. The equations which
prescribe displacements and rotations are geometric constraints. Collectively, these
constraints comprise the kinematic boundary conditions.
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If a Kirchhoff-type constraint is imposed upon the shear deformations (as described
previously), then rotation of the normal is not independent of the deflection of the reference
surface; rotations in the edge (<P2 at point R) cannot be assigned.

If a geometric constraint is not present at a boundary-point, the corresponding edge
force must be prescribed. For example, if there is no constraint on the displacement, then

(132a)

The equations which prescribe forces and couples constitute the dynamic boundary
conditions.

A condition which relates displacements and forces (or rotations and couples) may
replace a kinematic or dynamic condition. For example, if the boundary point 'R' is
attached to a linearly elastic support, then we have

(132b)

Along the smooth curve <f,] it is always possible to choose spacings such that the corners
of elements at the boundary fall upon the curve. This creates a succession of triangular
elements like 'Sc'. The approximation of relative displacements and rotations in the
triangular element can be simpler than the approximation in the quadrilateral element, as
the former need only maintain continuity along two edges. Indeed, the approximation
must be simpler since the number ofedge-points and edge-normals is reduced. For example,
if the approximations (1lOa, b) are employed for the quadrilateral elements S8 and Sv, then
the corresponding approximations for the triangular boundary-element 'Sc' are

W a = BapxP

W3 = 0

(133a)

(133b)

The terms suppressed are those which would be needed to match the displacement at the
missing corner 'L' and hence, along the edges KL and LM. The simplification of (112) for
the triangular boundary-element 'Sc' is

(134)

The suppressed terms are those which would serve to match the displacement at the
missing points G: Land H.

On the presence offinite rotation

We observed previously that the equations of motion (122) need not involve finite
rotations or displacements. They are absent when the motion is referred to the current state
rather than the initial state, i.e. to the triad Z\ rather than iii' We noted too that the compa­
tibility equations (128) and (129), and the reactive conditions (131) involve only relative
rotations. However, loads or boundary conditions may depend on fixed directions rather
than the orientation of the element. For example, a gravitational load rather than a fluid
pressure, or a fixed edge rather than a free edge. In such cases, it is necessary to introduce the
rotation tensor and to call upon the relation (64). Again, this is necessary only if rotations
are finite; otherwise there is no need to decompose the rotation into global and relative
parts.
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Illustrative example I

The simple approximations (110) and (111) and the Kirchhoff-type constraint can be
illustrated with a beam. For this purpose, it suffices to consider the linear problem of small
deflections caused by a transverse load.

In the one-dimensional version of (110), the relative displacement W 3 vanishes i.e. the
middle line of an element undergoes a rigid motion. It follows that the relative rotation OJ
vanishes also. The rotation (j) of the normal relative to the convected triad ci is then the
rotation - 2iJ caused by shear in accordance with (57), (59), and (60).

Since the indices are not needed in the one-dimensional case, they can be replaced by a
suffix'N' to indicate the element in question. In accordance with (110) and (111), the trans­
verse displacement VN, shear strain IN and rotation t/JN of the normal within the Nth element
are given by the approximations

VN(X) = VN+(XNX

IN(X) = IN+{JNX

t/JN(X) = rxN-2(IN+{JNX)

(135)

(136)

(137)

here x is the local coordinate originating at the left end of the Nth element and I is the
length of the element.

The cross-sections at the right end of the Nth element and the left of the (N + l)th
element are contiguous only if

It follows from (137) that

(XN+t-rxN = 2(YN+l-YN)-2IPN

Likewise, from (135) we have the condition for continuity of displacement:

(138)

(139)

(140)

(141)

The constitutive equations for a linearly elastic element with rectangular cross-section
follow:

3
PN = Ebh 3(1+rx)(MN+ 1 +MN)

1
IN = 2Gblh(1 +rx)[(1-2r.x)MN + 1 -(1 +4a)MNJ

wherein, E and G denote the extensional and shear moduli, h the depth, b the width, I the
length of each element, M N the couple at the left end of the Nth element and

(142)

The left side of (140) is the difference between the rotations at the end-sections of the Nth
element; the constitutive equation (141) is the counterpart of the moment-curvature
relation of the Bernoulli-Euler theory of beams. The constitutive equation (141) determines
the transverse-shear deformation.
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Now, consider a cantilever beam fixed at the left end and subjected to a load P at the
right end. At the left end

(143a, b)

If 'M' denotes the number of elements of length 'l', then

M N = (M - N + I)PI

In accordance with (144), equations (140) and (141) yield the results:

6lP t

PN = - Ebh 3(i+a)(M-N+ 2)

P [6a tJYN = 2Gbh 1+I+a(M-N+ 2)

From (138), (145) and (146) we obtain

(144)

(145)

(146)

(147)
12lP

aN+l-aN = Ebh 3(l+a)(M N)

The end shear Yt is given by (146) and then the end rotation at by (143b); the rotations
(XN(N = 2, ... , M)are determined by (147)and then the displacements VN(N 2, ... , M + 1)
are given by (139) together with (143a) The numerical values of Table 1 are the dimension­
less deflection at the end of the cantilever beam:

v _ Eb(~") 3 V3 !

4P L 1J2=L

As the Kirchhoff-type constraint, we take

(148a)

According to (136), this implies that

2YN = -IPN (148b)
We note that (148) results if YN is chosen to minimize the energy due to transverse shear.

With (148b) the strain-energy takes the form

Elbh 3
2

UN = --6(1 + (X)PN (149)

The resulting constitutive equation is again (140). Equations (145) and (147) apply as
before. The only difference in the Kirchhoff-type theory is the absence of the constitutive
equations (141) or (146) in favor of the constraint (148). In the computations, this difference
manifests itself only in the end-condition (143b) wherein Yt is now determined by (148b)
instead of (146). This circumstance is analogous to the continuum solution: The differential
equations of the shear-deformation and Kirchhoff theories are the same. The solutions
differ because of the small rotation of the middle line in the amount of the uniform shear.

In the constitutive equations (140), (141), (145), (146), and (147) the factor a tends to
zero as (llh)2. Unless llh ~ 1, the factor has a marked influence on the numerical results.
This is evident in columns 'a' and 'b' of Table 1; reasonable results are indicated for values
llh ~ 1. There is a good reason: The factor (X stems from the energy of shear deformation.



TABLE I. END DEFLECTION OF CANTILEVER BEAM UNDER END LOADING

Finite element theories Continuum theories

a. b. c. d. e.
Shear-deformation Kirchhoff-type Complete Kirchhoff-type Shear-deformation Kirchhoff

~ 6 12 24 6 12 24 All values 6 12 24 All values
L/I ---.:::::,.

2 .- -. 0·93750
4 - 0·98437
6 0·741 0'402 0·143 0·722 0·397 0'142 0'99306 1·019 1·005 1·001

12 0·931 0·731 0·400 0·912 0·726 0·399 0·99826 1·019 1·005 1·001
24 0·995 0·919 0·732 0'977 0·914 0·731 0·99957 1·019 1·005 1·001
48 1·013 0·982 0·915 0·994 0·977 0·914 0·99989 1·019 1{)o5 1·001
96 - 1·000 0·978 0·995 0·977 0·99997 1·019 1·005 1·001

192 0'995 0·994 0·99999 1·019 1·005 1·001
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Under the crude approximation (135), which prescribes only rigid rotation of the middle
line, considerable shearing must occur. There appears no rational way to suppress the
factor IX in a shear-deformation theory. However, it is entirely consistent in a Kirchhoff­
type theory to neglect the strain-energy caused by shear-deformations. We shall call the
result a complete Kirchhoff-type theory. Column 'c' of Table 1 shows the excellent results
obtained with the latter theory.

Illustrative example II

A key feature of the foregoing theory is the decomposition which enables us to adapt
the linear analysis of the finite element to the analysis of geometrically nonlinear problems
of flexible bodies. This feature is displayed in a study of the buckling and post-buckling
behavior of the column depicted in Fig. 7. Since the linear analysis of the element requires

p -8 hL----.:;.8':7-N ----'1b-"""-N+"'1-H~~
If--._f-__l ------1 L • I

FIG. 7

no approximation, the results indicate only the validity and effectiveness of the decomposi­
tion as a tool for handling the geometrical nonlinearities.

For the global coordinates of the Nth element we take the components VN and UN of
the displacement vector:

(150a)

(l50b)

and the angle I/JN shown in Fig. 7.
If we employ the Bernoulli-Euler theory of beams, then there is no need for any ap­

proximation of the deformation. The deformation of the element is determined by the
relative displacement and rotation of its ends; that is, ~VN,~UNand ~I/JN of Fig. 7 serve as
the deformation coordinates.

We express the actual force and couple upon the left end of the Nth element as

(I5Ia, b)
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It is convenient to employ dimensionless quantities instead of actual displacements,
forces and couples:

_ V
N

l1uN ==
I1UN

I1vN ==
I1VN (152a, b, c)VN == IL

XN YN M=L (152d, e, f)xN==y' YN==-'L -I

NN [2 [
(153a, b, c)nN == EA' qN == El Qty , mN == El MN

[2p
k==

Al2
(154), (155)p==

El 1

where E, A and 1 are the usual notations for the elastic modulus, cross-sectional area and
moment-of-interia, respectively.

Since the linear analysis of the element is elementary, we cite the results: The constitutive
equations are

(156a)

(156b)

(156c)

Because we are concerned with finite rotations, we retain the product terms in the
reactive conditions (131). Then the equilibrium conditions assume the forms:

qN+l-qN+knN+II1l/JN = 0

k(nN+ I -nN)-qN+ 111l/JN = 0

(157a)

(157b)

(157c)

(158a)

(158b)

The conditions of continuity at the intersection of the Nth and (N + l)th element are

- -+ -VN+ Ml1vN = VN+ I

The boundary conditions at the left end of the beam are

(159a)

(159b)

The conditions at the right end of the beam are

(160a, b)

Equations (156) through (160) govern the behavior of the discrete system. The description
of the individual element is exact in the context of linear beam theory and the description
of the entire beam is valid under finite deflections.
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TABLE 2

Number of Elements 2 3 4 8 II 22

P:!PE 1·621 1·268 1·149 1·035 1·019 1·005

The equations which determine the buckling load are obtained in the classical manner:
Let 11~ = p*/k denote the prebuckling value of lIN' (jn1N the buckling increment of mN'
eliminate qN from (I 57a, c) and (l56c) and linearize in (jmN' The result is

(jmN+2 -2(jmN+ [+(jmN-iP*((jm.iV+ [+(jmN) = 0 (161)

According to (157c) and (156c)

C5(/it/tN) = (jmN+ I -2bmN

Then, from (I 58b) we have

M

C5t/tM+ [ = Jt/tl + L (bmN+ 1 -2C5m",)
N; 1

In view of the fixed-end condition (160b)

M

(jt/tl = L: (2C5mN-(jmN+d
N;I

Using (l57c) and (162), we obtain two boundary conditions from (I 59a, b) namely

bm l 0
M

bm2+p* L (2C5mN-C5mN+d 0
N;I

(162)

(I 63a)

(I 63b)

The difference equation (161) with N = 1, ... , M - 1 and the end conditions (I 63a, b)
provide a system of (M + I) homogeneous equations in (M + I) quantities (jmN' The deter­
minant of the coefficients depends only on p* and vanishes at the critical value p~. Table 2
displays values of the ratio P:/PE where PE is the critical value according to the Euler theory.

To treat the postbuckled deformations, we require the relations between the components
of UN and F:~N' In accordance with (158) and the definitions (150) and (152)

M

XN -M L (/ivLcost/tL-/iuLsint/tL)
L;N

M

YN = -M L: [(I+/ivL)sint/tL+/iuLcost/tLJ
L;N

(IMa)

(1Mb)

(IMc)

The postbuckling deformation can be treated as follows: For any assigned load p > P:,
one assumes a value t/tl whereupon the quantities ml' 11 1 , and ql are determined by the end
conditions (159) and then /iu[, /iv l , and /it/tl by the constitutive equations (156). Then
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m2, n2 and q2 are obtained by the simultaneous solution of (157). Next L'!.U2' L'!.V2 and L'!.t/J2
are obtained from the constitutive equations (156), m3, n3' and q3 from (157), etc., etc.,
until L'!.UM' L'!.VM and L'!.t/JMhave been computed. The initial guess t/J I is correct only if t/JM+ I

= O. If the condition is not satisfied with sufficient precision, then the initial guess is
revised and the computation repeated. When satisfactory precision is achieved the dis­
placement and rotation at any station can be computed via (164) Numerical computations
of t/J I obtained with 4 and 11 elements are shown in Fig. 8. The agreement with Euler's

5.0

0---4 ELEMENTS
0---11 ELEMENTS
-EULER THEORY!'6]

p.
P,

"f'j DE"GR£ES

FIG. 8

theory of the "elastica" [16] is amazingly good. Table 3 presents typical values for the dis­
placement components (x" YI) at the end. As in our reference [16], shortening L'!.VN is
neglected in the latter computation.

TABLE 3. END DISPLACEMENT

8 Elements
Euler theory [16]

0·837
0·845

0·486
0·477

Jllustrative example III
The merits of the simple approximations (110) and (111) for membranes are not likely

to be disputed. Such approximations have proved adequate even for finite deformations
[17]. The measure of these simple approximations together with the discrete Kirchhoff­
type constraints is the ability to describe flexure. The bending of a plate provides another
demonstration of this capability:

Numerical results were obtained for a square rectangular plate under uniform load (q)
and central load (p), with simply supported (s) and clamped (c) edges. All computations
were based on the same ratio (hja = 0'100) of thickness (h) to width (a). Non-dimensional
values of the central deflection are given in Table 4. The number of elements is the number
in a quadrant. Also shown in Table 4 are displacements computed by the Hermite inter­
polation [6J which provides 16 degrees-of-freedom for each element. The accuracy displayed
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by our simple approximation is surprisingly good since each element has only 8 degrees-of­
freedom, yet maintains continuity at the interfaces of quadrilateral elements.

TABLE 4. RESULTS FOR SQUARE PLATES

Central deflection w/wo

Hermite interpolation
6 degree polynomial

Bilinear polynomial with
discrete constraints

Number ot' -------------------------------­
elements in

each
quadrant

I
4
9

16
25

c-q c-p s-q s-p c-q c-p s-q s-p

0·7854 0·5496 1·002 0·9463 0·6221 0·8692
0·9613 0·8652 0·9775 0·9919 1·004 0·9794 0·8633 0·9472
0·9838 0·9378 0·9912 0·9925 1·000 0·9900 0·9246 0·9653
0·9926 0·9650 0·9954 0·9946 1·004 0·9964
0·9968 0·9777 0·9971 0·9959

.I-simple supported, c --clamped, q-uniformly loaded, p---eentrally loaded
Wo denotes value of Kirchhoff theory

On applications of the theory

The motion of a thin elastic shell can be approximated by a discrete system of finite
elements. The unknowns of the system are the generalized coordinates and the correspond­
ing generalized forces. Six coordinates for each element can be identified as the global
coordinates which define the gross motion; the remaining coordinates are the deformation
coordinates which determine the strain field in accordance with a prior approximation.
The Lagrange equations (122) for an element can be identified with gross motion (or
equilibrium) or relative motion (constitutive equations). The compatibility requirements
(128, 129) enforce continuity of the reference surface and contiguity of inter-element edges.
The reactive conditions (131) fulfill Newton's law of action and reaction at inter-element
boundaries. Kinematic or dynamic conditions at discrete points of the boundary complete
the system. The analogy between the algebraic equations of the discrete system and the
differential equations of a continuous shell is complete. The discrete system approaches the
continuum as the size of the elements diminishes.

Our formulation of the discrete system is applicable to any shell provided that the
physical components of strain are everywhere small compared to unity; the rotations and
deflections may be arbitrarily large.

The equations of the discrete system are comparable to difference-approximations of
the differential equations for the continuous shell. Indeed, as seen in our illustrative
examples, suitable approximations lead to familiar difference-equations.

In some instances the finite-element approach appears to have an advantage because it
admits geometrical insight based on the experience and intuition of the user. Moreover,
by decomposing the motion into a rigid rotation and a small deformation, one can construct
approximations for large deflections of shells based on the small relative deflections
within small finite-elements; in some cases the approximation within the element may be
exact in the context of linear elasticity. For example, if a thin rectangular sheet is turned
into a cylinder, some portions undergo extreme rotations, although a narrow axial strip
experiences small relative rotations. Other examples are the flexing of an annular segment
to a cone and the axisymmetric deformation of a shallow cone [18].
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A6cTpaKT-TIepACTaBJllIeTCli KOHl.\enl.\lIl1 KOHe'lHbiX 3J1eMeHTOB AJllI aHaJlll3a o60JlO'leK, C HeCKOJlbKO
BalKHblMII ycnexaMII.

BonepBbIx, ycoBepweHCTBOBaeTCli Teopllll Kllpxrolj>lj>a, nyTeM BKJlIO'IHlIlI nonepe'leHOH Aelj>opMal.\1I11
CABllra. ycoBepweHCTBOBaHHali Teopllll AonycKaeT 60Jlee npOCTble annpOKCIIMllpYIOWlle lj>YHKUIfIf npll
coxpaHeHlI1I HenpepbIBHOCTII 3J1eMeHTOB Ce'leHlIlI.

BO-BTOPbIX, pa3J1araeTCliABlIlKeHlle 3J1eMeHTa Ha ABlIlKeHlfe lKeCTKoro TeJla, Bb13BaHHOe Aelj>opMaUlleH.
3TO pa3J10lKeHlle CJlYlKlIT B UeJlblO IICnOJlb30BaHII1I cywecTBylOwlfX lj>OPMYJl AJlll ynpyrllx 3J1eMeHTOB AJlll
aHaJlll3a 3aAa'l, B KOTOpblX Y'lIfTblBaIOTCH KOHe'llible BpaweHlfli If BbmY'lIfBaHlle.

3aTeM, nplIBOAliTCli ypaBHeHlIlI flarpaHlKa AJlll BbIBOAa ypaBHeHIfH AIfCKpeTHbIX CIfCTeM. B pe3YJlbTaTe
np"MeHlIlI 3Toro MeTOAa nOJlY'laIOTCli nOCTOllHHble IfHHepUIfOHHble 'IJleHbi AJlll Jl106oro pOAa ABlflKeHlIlI,
KOJle6aTeJlbHOrO IIJlII HecTaUlloHapHoro.

B 3aKJlIO'IeHlle, nplfBOAliTCli caMbIe npOCTble annpOKCIfMllpYIOWlle nOJlIIHOMbI, npll y'leTe Teopllll
Aelj>0pMal.\1I11 CAbra. L!.aJlbHeHWlle ynpoweHlfli nOJlY'laIOTCli nyTeM BBeAellllll CIIJI CuenJlellllll aHOJlOrlf'lHO
rllnOTe3e Kllpxrolj>lj>a Teopllll CnJlOWHOH CpeAbI. CIfJlbI CuenJlellllll lIBJllIlOTCli npaBIfJlbHOH 6aJOH AJlll
OTCyCTBlIlI BJllIllHlIlI nOnepe'lHOrO CABllra B 3Heprlllf Aelj>opMaUIfIl. PeJYJlbTlfpYlOwee npll6JlIIlKelllle AJlll
YKaJaHHbIX npllMepOB lIBJleTCli 6blCTPO CXOAIIMbIM K pe3YJlbTaTaM Teoplflf Klfpxrolj>lj>a.


